Data are from the Zillow.com research website <http://www.zillow.com/research/data/> and also directly available from the authors through the e-mail address of the corresponding author.

Introduction {#sec001}
============

The US housing market was the epicenter of the economic turmoil that roiled global financial markets in the past decade. This crisis had its roots in risky lending practices in the form of subprime mortgages given to individuals with poor credit ratings. When these borrowers could not repay their loans, the subprime mortgages soured and lenders failed, leading to a financial crisis in the US housing market known as the Subprime Crisis and culminating in the Global Financial Crisis \[[@pone.0162140.ref001]--[@pone.0162140.ref003]\]. On hindsight, one wonders why regulators allowed the housing bubble to grow out of proportions, and not nib it in the bud. It turned out that there are few sure signs of an asset bubble that people can agree on. A few more compelling detection of housing bubbles included Zhou et al., who used a faster-than-exponential growth and log-periodic oscillations in price indices to indicate the presence of housing bubbles \[[@pone.0162140.ref004]\]. Ohnishi et al. showed that land price distribution in Japan followed a log-normal distribution before and after the housing bubble and a power law distribution during the housing bubble \[[@pone.0162140.ref005]\]. More recently, Meng et al. studied the eigenvalues of correlation matrices of housing price indices across US states \[[@pone.0162140.ref006]\] and used the evolution of these eigenvalues to identify regime shifts in the US housing market.

Broadly speaking, the sequence of events in the US housing market can be separated into two time periods following: (1) an abrupt increase in the proportion of subprime mortgages out of all mortgages issued and, (2) the failure of large financial institutions from the default of subprime mortgages. We shall refer to the former as the Subprime Loans Transition and the latter event as the Global Financial Crisis Transition or the Financial Crisis Transition. The Subprime Loans Transition occurred in the fourth quarter of 2003 ([Fig 1](#pone.0162140.g001){ref-type="fig"} inset) while the Global Financial Crisis Transition occurred in September 2008 with the failure of large financial institutions like Lehman Brothers and Merril Lynch. The Global Financial Crisis Transition marks the onset of the Global Financial Crisis when problems in the US housing market constituting the Subprime Crisis spilled over to the financial world at large. These transitions mark the beginning and the end of an excessively exuberant period in the US housing market.

![**(a) The average normalized trajectories of the three variables are plotted against time**. Dashed lines demarcate distinct periods of the trajectory of the US housing market. The start *t*~0~ and end *t*~1~ of the driving phase are marked by kinks in the homes sold trajectory and its gradient respectively while the start of the collapse phase is marked by a collapse in the median sale price and % of homes sold for gain trajectories. (inset) The line plot shows the subprime proportion of mortgages issued in the United States. The sudden jump in the fourth quarter of 2003 is marked on the main figure as the Subprime Loans Transition (October 2003). **(b) The average normalized trajectory of the percentage of homes sold for gain variable and the median sold price variable are plotted with the fits of the model to the homes sold trajectory, *Q*(*t*)**. The fitted parameter *t*~Δ~, which marks the start of a decline in the fundamental transaction volume, coincides with the start of a collapse in the median sold price variable and the percentage of homes sold for gain variable. (inset) The time derivative of the homes sold trajectory where a kink is seen at *t*~0~ that results in a gradual increase in $\overset{˙}{Q}\left( t \right)$ and where a kink is seen at *t*~1~ that results in a steep decline of $\overset{˙}{Q}\left( t \right)$.](pone.0162140.g001){#pone.0162140.g001}

Evidence supporting our assessment that the Subprime Loans Transition and the Global Financial Crisis Transition are discontinuous phase transitions comes in the form of statistical early warning signals prior to the transitions \[[@pone.0162140.ref007]\]. These signals work on the premise of critical slowing down, where the return rate to a stable equilibrium point decreases as the equilibrium point becomes less stable approaching a bifurcation point \[[@pone.0162140.ref008], [@pone.0162140.ref009]\]. When the system escapes the equilibrium point either through noise or going past the bifurcation itself, a phase transition will have taken place. Statistical signals arising from critical slowing down have been used as early-warning signals to discontinuous phase transitions for a wide variety of systems \[[@pone.0162140.ref010]--[@pone.0162140.ref017]\]. By using critical slowing down signals to identify regimes, we are able to detect instability where more traditional methods like the Markov regime switching model are less able to. In this paper, we are interested in understanding how the velocity of the transition changes as we cross the bifurcation point, where the energy barrier disappears. Additionally, the transition that we have observed occurs on a relatively long timescale. Therefore, we cannot model the data with a Markov regime switching model without introducing many more hidden states and overfitting the data in the process.

In our previous work, we have shown that critical slowing down signatures in the form of spectral reddening can be detected before the two transitions in two out of three Zillow.com variables associated with the US housing market \[[@pone.0162140.ref007]\]. The two variables are the number of homes sold and the percentage of homes sold for gain. The third variable is the median sold price. Here, we show that three additional critical slowing down signatures for the homes sold variable can also be detected. These three signatures are the autocorrelation, the skewness, and the variance. We also show that in the homes sold variable, the regime shift associated with the Subprime Loans Transition can be modeled as a transition on a bifurcating free energy landscape.

Average Normalized Trajectory of the US Housing Market {#sec002}
======================================================

In order to model the regime shift, we first construct the average normalized trajectories for each of the three variables: homes sold, median sold price, and percentage of homes sold for gain (Section S3 in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). The average normalized trajectory is a time series obtained through a process of normalizing the data of every city and averaging this normalized data over all cities. We find that the homes sold variable *Q*(*t*) from the average normalized trajectory ([Fig 1a](#pone.0162140.g001){ref-type="fig"}) between *t*~0~ ≤ *t* ≤ *t*~*f*~ (where *t*~*f*~ = is the time window ending in May 2009) closely resembles $\overset{˙}{x}\left( t \right)$ of a discontinuous phase transition in the order parameter *x*(*t*). The transition can be described by the dynamical equation $$\begin{array}{r}
{\frac{dx}{dt} = - \frac{\partial U\left( x,t \right)}{\partial x}.} \\
\end{array}$$ Here, *U*(*x*, *t*) is the coarse-grained free energy surface initially containing a double well potential. A saddle node bifurcation occurs during the driving phase, where *U*(*x*, *t*) is changing continuously. The saddle node bifurcation results in the annihilation of the initial potential well that the system was residing in, leading to a regime shift to the alternate potential well. *U*(*x*, *t*) may be approximated by a Taylor expansion. If the separation between the two regimes is small, we may expand up to the fourth order polynomial since it is the lowest order able to account for a transition between two alternate stable states. Therefore, *U*(*x*, *t*) may be written as $$\begin{array}{r}
{U\left( x,t \right) = - A\left( t \right)x + B\left( t \right)x^{2} + C\left( t \right)x^{3} + D\left( t \right)x^{4}.} \\
\end{array}$$ Depending on the values of the parameters *A*(*t*), *B*(*t*), *C*(*t*), and *D*(*t*), the free energy *U*(*x*, *t*) will be a double well potential (i.e. two stable equilibrium points) if the roots of −∂*U*(*x*, *t*)/∂*x* are real and *D*(*t*) \> 0. If the driving is turned on and off suddenly, then the start and end of the driving phase will be marked by kinks which might be observable in the data. The kinks observed at *t*~0~ and *t*~1~ (inset of [Fig 1b](#pone.0162140.g001){ref-type="fig"}) suggests that the driving started at *t*~0~ and stopped at *t*~1~. Hence, all four parameters *A*(*t*), *B*(*t*), *C*(*t*), and *D*(*t*) may be time-dependent during the driving phase, but become constants after *t*~1~ i.e. *A*(*t* ≥ *t*~1~) = *A*~1~, *B*(*t* ≥ *t*~1~) = *B*~1~, *C*(*t* ≥ *t*~1~) = *C*~1~ and *D*(*t* ≥ *t*~1~) = *D*~1~. This allows us to fix and estimate the parameters of *U*(*x*, *t*) after the driving phase, by fitting the model to data. In the Supporting Information, we also demonstrate this free energy model on simulated data from a regime shift in a one-dimensional grazing model from ecology (Section S5 in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). Unfortunately, the proper forms of *A*(*t*), *B*(*t*), *C*(*t*) and *D*(*t*) during the driving phase cannot be determined from the data without additional mechanistic insights, because of the problem of overfitting (Section S6 in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). We relate the homes sold variable *Q*(*t*) to *x*(*t*) by $$\begin{array}{r}
{Q\left( t \right) = \frac{dx}{dt} + Q_{0} + Q_{g}t + Q_{\Delta}\left( t \right).} \\
\end{array}$$ In this equation, *Q*~0~ is the constant fundamental part of *Q*(*t*) expected from US demographics, while *Q*~*g*~ *t* accounts for the natural growth in homes sold due to growth in the US population. We estimate *Q*~*g*~ and *Q*~0~ with a linear regression (Fig C in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). We also introduce *Q*~Δ~(*t*) to account for the observed decrease in *Q*(*t*) before and after the transition. We assume that this decrease is linear, $$\begin{array}{r}
{Q_{\Delta}\left( t \right) = \begin{cases}
{0,} & {\text{for} t < t_{\Delta};} \\
{\frac{Q_{\text{end}} - Q_{0}}{t_{f} - t_{\Delta}}\left( t - t_{\Delta} \right),} & {\text{for} t_{\Delta} \leq t \leq t_{f},} \\
\end{cases}} \\
\end{array}$$ where *t*~Δ~ is the time when *Q*~Δ~(*t*) starts decreasing from zero, and *Q*~end~ = *Q*(*t*~*f*~). In the Supporting Information, we look at other functional forms for *Q*~Δ~(*t*) and find that they do not alter the conclusions of this paper (Section S7 in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}).

Results and Discussion {#sec003}
======================

Early warning signals are calculated for a set of time windows that are obtained by partitioning time series into overlapping two-year segments (time windows) that can be slid one month at a time (Section S2 of [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). [Fig 2](#pone.0162140.g002){ref-type="fig"} shows the two periods of increasing early warning signals in the homes sold variable. The four signals that we computed are the skewness, standard deviation, spectral reddening and lag-1 autocorrelation. The skewness measures the asymmetry of a time series, the standard deviation measures the magnitude of fluctuations of a time series, and the spectral reddening and lag-1 autocorrelation are signals associated with the memory of a time series. These four signals are early warning signals that can appear prior to a regime shift \[[@pone.0162140.ref008]\]. They are based on the premise that exponential decay rates to perturbations of the system from a stable equilibrium point become slower with increasing instability as a bifurcation point is approached. Since the velocities of decays to the perturbations of the state variable also decay exponentially with the same decay rate as the state variable, then these signals can also be observed in the homes sold variable which we have identified as the velocity of the transition between regimes. We aggregated each type of signal across all cities to obtain four aggregated early warning signals corresponding to the four types of signals we are measuring. All aggregated signals show a statistically significant trend during the first period (Table A in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). This first period is attributed to a large historic rise in the subprime proportion of mortgages issued in the US (the Subprime Loans Transition, which took place in the fourth quarter of 2003). However, only spectral reddening shows a significant trend before October 2003. In principle, as the energy well destabilizes to become shallower and asymmetric, all four early warning signals should grow in tandem. Indeed, spectral reddening, skewness, standard deviation, and autocorrelation all continued growing past the Subprime Loans Transition, but only the growth in spectral reddening is statistically significant before Oct 2003. This is likely due to the use of relatively long two-year time windows in computing the early warning signals. The Global Financial Crisis Transition marks the onset of the second period, which is when large financial institutions like Lehman Brothers and Merrill Lynch failed and when bank runs occurred in September 2008. All signals rose sharply and were statistically significant around this time (Table A in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). Except for the standard deviation, these rising trends were statistically significant before September 2008. In the Supporting Information, we also show that the statistically significant trends in aggregated early warning signal around the time of both transitions are robust to time window length and detrending bandwidths (Section S8 in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}).

![The vertical axis is the city index, ordered by the total number of transactions over the complete time series of the city.\
The horizontal axis is the time window and the color represents the strength of the corresponding early warning signal. Line plots indicate the number of cities that fall below a certain threshold for the corresponding early warning signal, scaled by an appropriate factor to fit onto the heat map. These line plots represent aggregated early warning signals that can be used to infer instability in the US housing market (Section S2 in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). The first dashed line marks the time window with latest date corresponding to the Subprime Loans Transition whereas the second dashed line marks the time window with latest date corresponding to the Financial Crisis Transition. (a) Skewness. The blue line and red line corresponds to positive skewness, and negative skewness respectively. (b) Standard deviation. (c) Median frequency, *ω*~1/2~, a measure of spectral reddening. (d) Lag-1 autocorrelation.](pone.0162140.g002){#pone.0162140.g002}

The average normalized trajectory of the homes sold variable ([Fig 1a](#pone.0162140.g001){ref-type="fig"}) from the 2000/2001 to 2007/2008 time window closely resembles the velocity $\overset{˙}{x}\left( t \right)$ of a one-dimensional system *x*(*t*) moving between two alternate fixed points on a bifurcating free energy surface. We model the phase transition using Eqs ([1](#pone.0162140.e004){ref-type="disp-formula"}) and ([2](#pone.0162140.e005){ref-type="disp-formula"}). Our assumption that the fixed points are close to each other before the start of the driving phase in Dec 2001 is justified, in view of deregulatory policies introduced in the late 1990s that inadvertently helped promote risk taking by lenders, and ultimately leading to the Subprime Crisis \[[@pone.0162140.ref018]--[@pone.0162140.ref022]\]. An example of such a policy is the repeal of the Glass-Steagall Act in 1999. These policies destabilize the stable fixed point, resulting in a shorter distance between the two regimes.

This free energy model allows us to explain in a unified way features seen in the average normalized trajectory, and the statistical early warning signals detected prior to the Subprime Loans Transition and the Global Financial Crisis Transition. According to the model, the kink observed in the homes sold variable at the start of the driving phase is due to the sudden changes in the time derivatives of changes in *A*(*t*), *B*(*t*), *C*(*t*) and *D*(*t*). As these parameters change, the initial stable fixed point is destabilized, and we approach a saddle-node bifurcation that corresponds to the Subprime Loans Transition. The destabilization leads to the observed early warning signals around the Subprime Loans transition. The positive skewness indicates that the bifurcation is approached from the positive direction which agrees with this interpretation. We expect this bifurcation to manifest itself across multiple variables of the housing market. However, the sharp increase in the proportion of subprime mortgages issued in the span of a few months suggests that this variable operates on a faster timescale than the transaction volume. The Global Financial Crisis Transition marked the end of the transition of the US housing market to an alternate fixed point. As suggested by the early warning signals, this new regime is only weakly stable. The positive skewness further indicates that it is weakly stable in the positive direction. However, the use of *U*(*x*, *t*) is still applicable since we are not modeling any movement past this alternate fixed point. No further transition out of this alternate stable state was observed in the homes sold variable, but both the percentage of homes sold for gain and the median sold price collapsed after the Global Financial Crisis Transition.

By fitting the model (Eqs [1](#pone.0162140.e004){ref-type="disp-formula"}--[4](#pone.0162140.e007){ref-type="disp-formula"}) to the relevant portion of the homes sold trajectory *Q*(*t*~1~ ≤ *t* ≤ *t*~*f*~) ([Fig 1b](#pone.0162140.g001){ref-type="fig"}), we obtained the fit reported in Table B in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}. In the best-fit obtained, only a single well exists after the driving phase, which rules out the possibility that *Q*(*t*) could be explained without any driving in the model (Fig D in [S1 File](#pone.0162140.s001){ref-type="supplementary-material"}). The fitted *t*~Δ~ corresponds to the time window ending in March 2007. *t*~Δ~ marks the start of a fundamental decline, *Q*~Δ~(*t*), in the homes sold trajectory. Intuitively, the start of such a decline should coincide with the start of collapse in transaction price and the % of homes sold for gain. This is because a decline in home prices will inevitably lead to a decline in the % of homes sold for gain. It follows from loss aversion \[[@pone.0162140.ref023]\], a concept well known in economic theory, that a fall in transaction volume will occur when home owners are unwilling to transact for a loss. Thus, we expect the fundamental transaction volume, $Q\left( t \right) - \overset{˙}{x}\left( t \right)$, to decline in the collapse phase. Indeed, our fit confirms our expectation that *t*~Δ~ lies close to the start of collapse of both the median sold price and the homes solid for gain variables, where a first decrease in both trajectories is seen ([Fig 1b](#pone.0162140.g001){ref-type="fig"}).

Interestingly, the timings of the start and end of the driving phase suggest that the driving might be caused by the US federal funds rate. To see this, let us consider the timeline of the changes made to the Federal Reserve rate. The start of the driving, *t*~0~, occurred at the time window ending Dec 2001. In the same month, the federal funds rate had also decreased to 1.75%, the lowest in many decades. Thereafter, the federal funds rate was lowered two more times, in November 2002 and in June 2003. The federal funds rate started rising in June 2004, peaking in June 2006. Hence, if it is indeed true that low interest rates drove the US housing market up, then when the interest rates were raised between June 2004 and June 2006, the driving phase should stop, i.e. *t*~1~ should fall between June 2004 and June 2006. This was indeed the case as *t*~1~ corresponds approximately to the time window ending in June 2005, when the federal funds rate was at 3%. Moreover, this association between driving (causing destabilization) in *U*(*x*, *t*) and the federal funds rate makes economic sense because lower interest rates encourage risky lending practices which is now believed to have fueled the subprime mortgage crisis \[[@pone.0162140.ref024]--[@pone.0162140.ref028]\]. Thus, in this interpretation, a low federal funds rate at *t*~0~ encouraged risky lending activity, which became a driving force that destabilized the system, whereas a high federal funds rate dampened risky lending activity, leading to the end of the driving phase at *t*~1~. Additionally, the directions of the kinks at *t*~0~ and *t*~1~ are also consistent with such an interpretation since an increase in risky lending activity is expected to lead to an increase in transaction volume at *t*~0~ while a decrease in risky lending activity is expected to lead to a decrease in transaction volume at *t*~1~. The fact that the driving appears and disappears at different interest rates (1.75% and 3%) suggests a hysteresis effect. Within this energy landscape picture, the US housing market can be in two alternate stable states, healthy and collapsed, and can be driven from the healthy state to a collapsed state through a saddle-node bifurcation. Driving started when the federal funds rate was lowered to 1.75%, and stopped when the interest rate was increased to 3%. This transient driving phase can be interpreted as a housing bubble.

Finally, let us discuss the implications of the energy landscape modeling done in this paper. As proposed by many economists before us, government policies contributing to the Subprime Crisis include deregulation of the financial sector, encouragement of home ownership, and an extended period of low interest rates \[[@pone.0162140.ref019], [@pone.0162140.ref028], [@pone.0162140.ref029]\]. These three policy decisions were not directly influenced by each other, but together they created a conducive environment for the US housing bubble of 2004 to 2008. Of the three policies, financial deregulation and home ownership were motivated by the desire to create public goods. Monetary policy, on the other hand, is a value-neutral tool aimed merely at guaranteeing liquidity. If we suppose that the Federal Reserve could freely set their funds rate without encountering strong public opposition, would it have been possible in principle to avert the Subprime Crisis? In this paper, only the forcing-free phase of the average normalized homes sold variable can be robustly fitted to conclude that by the end of the driving phase, the basin of attraction for the normal regime of the US housing market had disappeared. However, the energy landscape model cannot be robustly fitted to the driving phase of the data due to the problem of overfitting. Regardless, for whatever initial energy landscape with two alternate stable states, a market collapse can be avoided if we end the driving phase sufficiently far from the bifurcation point. This gives us confidence that soft landings are possible for a wide range of energy landscapes and forcings.
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======================

###### Supporting Information.

Supporting information pdf file containing additional information on data and methodology. This is inclusive of figures, tables and text.

(PDF)

###### 

Click here for additional data file.

The authors are grateful to Zillow for making the research data used in this paper freely available on their website.

[^1]: **Competing Interests:**The authors have declared that no competing interests exists.

[^2]: **Conceptualization:** JT SAC.**Data curation:** JT.**Formal analysis:** JT SAC.**Investigation:** JT.**Methodology:** JT SAC.**Software:** JT.**Supervision:** SAC.**Validation:** JT SAC.**Writing -- original draft:** JT.**Writing -- review & editing:** JT SAC.
